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Abstract. In this paper we find new equivalent norms in L p (R n ,B) by using multivariate 

Littlewood-Paley functions associated with Poisson semigroup for the Hermite operator, pro- 

r^\ ' vided that B is a UMD Banach space with the property (a). We make use of 7-radonifying 

I | operators to get new equivalent norms that allow us to obtain L p (M. n , B)-boundedness proper- 

^~ ^ , ties for (vector valued) multivariate spectral multipliers for Hermite operators. As application 

^vj ' of this Hermite multiplier theorem we prove that the Banach valued Hermite Sobolev and 

potential spaces coincide. 

Of 

l/"") ■ 1. Introduction 

The Hermite operator (also called harmonic oscillator) H on R™ is defined by 

<;': h = -a + \x\ 2 , 

where A denotes the usual Laplacian operator. For every rag Nwe denote by h m the m-th 
_J . Hermite function given by 

h m {u) = (2 m ml^)-ip m {u)e-^ , «£l, 

where P m represents the m-ih Hermite polynomial ( |47l p. 104]). 
If k — (fei, . . . , k n ) £ N n , the fc-th Hermite function h k is defined by 

>! h k (x) = [[h kj (x j ), x = (xi,...,x n )£R n . 



o 



X 



We have that, for every k — (fci, . . . ,k n ) £ N n , 



00 

o 

Hh k = {2\k\+n)h k , 

where \k\ = k\ + ■ ■ ■ + k n . The sequence {/ifc}fcgN» is an orthonormal basis in L 2 (M. n ). Moreover, 
the linear space span{/ifc}fc S Nn generated by {/ifcjfeeN™ is dense in L p (M. n ), 1 < p < 00 f |44l 
Lemma 2.3]). 

The Hermite operator H is defined by 

Hf=^2(2\k\+n)c k (f)h k , f£D(H), 

feGN™ 

where 

D(H) = {/ £ L 2 (K"): ^ (2\k\ + n) 2 \c k (f)\ 2 < co} 

feSN™ 

and, for every k £ N n 

c k (f)= I h k (x)f(x)dx, f£L 2 (R n ). 

According to [4^1 Lemma 1.2], the space C^°(R") of smooth compactly supported functions in 
R n is contained in the domain D(H) of H and Hf = Hf, f £ C* C °°(R"). 

Harmonic analysis associated with Hermite polynomial expansions were begun by Mucken- 
houpt ([31] and [35]) who considered the one dimensional setting. Later, Sjogren ([H]), Fabes, 
Gutierrez and Scotto ([T7]) and Urbina ([52]) studied harmonic analysis operators associated 
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with the Ornstein-Uhlenbech operator in R™. In the last decade this topic has been studied by 
a host of authors (US], [TBI, Q2], HH and [37]). 

In the monography of Thangavclu (|50J) and in the papers of K. Stempak and J.L. Torrea (|44j. 
[43] and [IB]) the harmonic analysis operators associated with the Hermite operator (Hermite 
function expansions setting) were investigated. Later, this study have been completed in a series 
of papers (see [2], [I], [5J, [23] and [3U] among others). 

The heat semigroup {W/ r }t>o generated by — _ff in £ 2 (R ra ) is defined by 

Wf (/) = E e- (2|fc|+n)t c fc (/)/i fc! / G i 2 (M") and t > 0. 

fcSN" 

According to Mehler's formula ( |501 Lemma 1.1.1, p. 2]) we can write, for every t > and 
/ G £ 2 (R"), 



(1) W*(/)(x) = jf Wf (x, y)/(»)dy, 

where 

Wf (»,!,) = -4 f 6 ^ 2 e -Kl x -»l a i^ + l x+ *l 3 1^), x , y g E' 1 and* > 0. 
7T2 \ 1 — e 4t / 

Moreover, {W / t ff }t>o (defined by ([T])) is the semigroup of contractions in L P (R"), 1 < p < oo, 
generated by — H . 

The Poisson semigroup {Pf I }t>o associated with the Hermite operator (generated by —y/~H) 
in L p (R n ), 1 < p < oo, is defined by using the subordination formula as follows; for every t > 0, 

t 2 

. />oo — |— 

P t H (f)(x) = -= \ —^W?(f)(x)du, f G L*(R"). 



{-P/^jtX) is a semigroup of contractions in L p (W l ), 1 < p < oo. 

The Hermite semigroups {W t ; }t>o and {-P/ f }t>o are not conservative. Then, {Wj ff }t>o and 
{P t }t>o are not diffusion semigroups (in the sense of Stein [43]). 

The square function (also called Littlewood-Paley function) g^ k associated with the Hermite 
semigroup {Wj ff }t>o is defined by 



9wM)i x ) = (l°° \t k d?w t H (f)(x)\ 2 j^j 2 , x g 



for every / <G L p (R n ) and fc G N\ {0}. L p -boundedness properties of the (nonlinear, but almost 
linear) operator g^ k , k G N \ {0}, were established in fSCJ Theorem 2.3.2, p. 41] and [431 
Theorem 2.2]. By using g^ k it is possible to define equivalent norms in L p (M. n ), 1 < p < oo. 
Indeed, for every 1 < p < oo and fc G N \ {0}, there exists C > such that 

(2) ^ll/lli»CR») < \\9wAf)hn^) < C||/||ip(R»), / G L P (R"). 

Equivalence ([2]) allows to obtain i p -boundedness for spectral Hermite multipliers (see [501 The- 
orem 2.4.1, p. 45]). 

The Littlewood-Paley functions associated with the Hermite-Poisson semigroup {P^}t>o are 
defined by 



$*(/)(*) = (f «^(/)(*)l 2 f ) 2 , x e 



for every / G L p (M. n ), 1 < p < oo, and fc G N \ {0}. Equivalence (J2J) also holds when <7^ fc is 
replaced by gp 1 k , for every 1 < p < oo and k G N \ {0}. 

In this paper we are interested in multivariate spectral Hermite multipliers. We need to 
consider multiparameter square functions associated with the Hermite operator. Littlewood- 
Paley functions of this kind have been studied recently by Wrobel ([57] and [55]). Although our 
results can also be established by using square functions for the Hermite heat semigroup, the 
manipulations and calculations are simpler when we consider square functions for the Hermite- 
Poisson semigroup. Then, we will use Littlewood-Paley functions associated with the Hermite- 
Poisson semigroup in the sequel. 
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Let k = (fci, . . . , fc„) € (N \ {0})". We define the multivariate square function gp k as follows 



17(0,00)" JK" J = 1 



dii • • • dt n 
ti ■ ■ ■ t n 



x G 



for every / G L P (R"), 1 < p < oo. 

By proceeding as in the proof of [57J Theorem 2.4] we can show the following property. 

Theorem A. Let 1 < p < oo and fc = (fci, . . . , fc„) G (N \ {0})". Then, there exists C > suc/i 



(3) 



Lp(K") < Ilffp,fc(/)||LP(R") < C||/lliP(R"), / G L P (R"). 



Equivalence in ([3J) is the key to establish a multivariate spectral multiplier theorem f |57l 
Theorem 2.2]). 

Our first objective in this paper is to prove a Banach valued version of Theorem A. Then, 
inspired by the results of Meda [33] and Wrobel ([57] and [55]); we prove a vector valued mul- 
tivariate spectral multiplier theorem in the Hermite setting. As an application of our Hermite 
multiplier theorem we see that the Banach valued Hermite Sobolev and Hermite potential spaces 
coincide provided that the Banach space has UMD and (a) properties. 

Let B be a Banach space and k = (fci, . . . , k n ) G (N\ {0})". In order to define Hermite square 
functions in the B-valued setting, the more natural way is to replace the absolute value that 
appears in the scalar case by the norm in B. With this idea we define, for every / G L p (R n ,M), 
1 < p < oo, 



9p,k:n(f)(x) 



'(0,oo) 



~ n 

/ ltfd^P^(x j ,y j )f(y 1 ,...,y n )dy 



dti ■ ■ ■ dt r , 



U 



i,- 



X G 



This kind of Littlewood-Paley function have been considered in [3], [55], [3TJ, [5T] and |59) . 
among others, always in the univariate case. According to the results in [55] and [3T], even in 
the case n = k = 1, there exists C > such that, for some 1 < p < oo, 



h 



f\\ 



LP( 



< 



lffP,l;l(/)IU p (K") < C||/l|iJ , (R,B)! / G 



if, and only if, B is isomorphic to a Hilbert space. 

If we want to get equivalent norms in L p (W l , B) by using multivariate Hermite square functions 
for Banach spaces B that are not isomorphic to Hilbert spaces, we need to follow other way. This 
question in the univariate case have been studied by Hytonen [53] and Kaiser and Weis [57]. 
Hytonen in [53] used stochastic integration to define Littlewood-Paley functions associated with 
diffusion semigroups. We recall that the Hermite heat and Poisson semigroups are not diffusion 
semigroups. Kaiser and Weis [27] studied vector valued square functions defined by convolutions 
by using 7-radonifying operators. The two procedure are, in some sense, equivalent (see |53) ). 
The results obtained in [5JJ and [57] are valid for UMD Banach spaces. It is well-known that all 
the Banach spaces that are isomorphic to Hilbert spaces are also UMD but there exists UMD 
Banach spaces that are not isomorphic to Hilbert spaces (for instance, L P (K.), 1 < p < 00, p 7^ 2). 

In this paper we define multivariate square functions associated to Hermite operators by using 
7-radonifying operators following the ideas in [57] . 

We now recall some definitions and properties that will be useful in the sequel. We consider 

the Hilbert space Jf n = I? ((0, 00)", dt t \^ t " \ n G N \ {0}, and we choose an orthonormal 

basis {<Pj}jeN of J$? n . Suppose that {7j}jeN is a sequence of independent standard Gaussians 
on a probability space (fl, P) and that B is a Banach space. By Jzf (J$? n , B) we denote the space 
of bounded linear operator from J4? n into B. We say that T G Jif(J l f? n ,M) is a 7-radonifying 
operator (written T G "f(Jf? n ,M)) when the series J27Li IjT^j) converges in L 2 (il,M). 
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This definition does not depend on the sequences {<Pj}je® and {Tjj-jgn- By endowing 7(Jf ™, B) 
with the norm || • || 7 (^ri B -) defined by 

III IB / 

which is independent of the basis {^jl^Li, 7(^ n ,B) becomes a Banach space. If the Banach 
space B does not contain any copies of cq (for instance, when B is a UMD space) then 



|7ll T (j?r»B) = sup 




Te 7 (^r\B), 



where the supremum is taken over all the finite orthonormal sets {fjYj^i m ^° n '• 

Suppose that /: (0, oo) n — > B is a strongly measurable function. If / is weakly ^f™, that is, 
for every S £ B*, S o f G J^ n , then there exists T f G Jz? (Jf n , B) satisfying that 

(s,T f (cp)) M ,, M = [ {s,nt))*.Mt) dt +'"f n , V&^ n - 

J(0,oo) n ti • • • t n 

We say that / G 7^(0, oo) n , d '*;;;f" ,B) when T f G 7(^" 1 , B). By identifying / with J>, for every 

/ G 7(^(0,00)", d ^;;;f*" ,BV 7(^(0, 00)", ^"-t!" ' 18 ) is a dense subspace of j(Jf n ,M) provided 
that B does not contain any copy of cq. If Tf £ 7(<yf n ,B), or if / is not even weakly J$? n , then 
we write H/H-y^™,!) = oo. The main properties of 7-radonifying operators can be found in |53j . 
As it is well-known the Hilbert transform is defined by 

H(/)(a;) = lim - / ^^-dy, a.e. iel. 

e ">° I - J\x-y\>e V-X 

for every / G L P (R), 1 < p < 00, and it is a bounded operator from L P (R) into itself, for every 
1 < p < 00, and from L^R) into L 1 ' 00 ^). The operator H®Id B is defined as usual in L P (M)®M. 
The Banach space B is said to be UMD when the operator H <£> Ida can be extended to L P (R, B) 
as a bounded operator from L P (R, B) into itself for some (equivalently, for every 1 < p < 00). 
Main results about UMD Banach spaces were established by Bourgain ([13]), Burkholder (|15|) 
and Rubio de Francia ([55]). 

If {tj}JLi is a sequence of independent symmetric ±l-valued random variables (usually called 
Rademacher variables) on some probability space, we denote by E e the corresponding expectation 
operator. 

Suppose that {e^}?^! and {%}£i are two independent sequences of Rademacher variables. 
We say that a Banach space B has (Pisier's) property (a) when there exists C > such that 

N N 

E e Ej V" ctijeir/jXij < E £ E,J V" eiVjXi,j 

II ]B II 

for every a id G { + 1, -1}, x itj G B, i,j = 1, . . . ,N, and N G N\ {0}. 

UMD and (a) properties of Banach spaces are crucial in order to prove Banach valued Fourier 
multipliers of Mikhlin type (see [40] and [56] , among others) . 

Segovia and Wheeden ( |4Q[ p. 248]) introduced the notion of fractional derivative 9", a > 0, 
as follows. Suppose that a > and m G N \ {0} such that m — 1 < a < m. If / is a reasonable 
nice function on R" x (0, 00) we define 

~ — 'Kim— a)i roc 

d?f(t, x ) = — -/ d7 l f(t + s,x)s m -°" 1 ds, iel" andiG (0,oo). 

T(m - a) J 

Littlewood-Paley functions involving fractional derivatives were used in [40] to characterize clas- 
sical Sobolev spaces. Fractional square functions associated with diffusion semigroups have been 
studied in [JJ and [FT] in a Banach valued setting. 

We define the univariate fractional g- function operator &p a . B , a > 0, associated with the 
Hcrmite-Poisson semigroup by 

Cb(/)(U) = t a d?P t H {f){x), x G R" and t > 0, 



VECTOR VALUED MULTIVARIATE SPECTRAL MULTIPLIERS 5 

for every f £ Z^(R",B). 

In [5J Theorem 1] it was established that ^p a . B allows us to get equivalent norms in L p (M. n , B), 
1 < p < oo. 

Theorem 1. Lei B ie a UMD Banach space. For every a > and 1 < p < oo i/iere exists 
C > smc/i f/iaf 

7;I|/I|lp(R",1) < ||^P,a;B(/)IUj»(R",7(^ 1 ,B)) < C||/|Up(K»,B) i / 6 L P (R",B). 

Our first result is a multivariate version of Theorem[TJ If k = (fci, . . . , fc„) € (N \ {0})", we 
consider the ^-function associated with the Hermite operator defined by 

Gf, fciB (/)(*, x) = / 1 tfdtjPgfaMMv!, ..., y n )d yi . . . dy n , 

for every / e i p (K", 1), 1 < p < oo, where t = (ti, . . . , t n ) £ (0, oo) n and x = (xi, . . . , x n ) £ W l . 

Theorem 2. LetM be a UMD Banach space with the property (a), k £ (N\{0})™ and 1 < p < oo. 
Then, there exists C > such that 

^Il/IU"(M",B) < l|G f P,fc;B(/)IU"(R™,7(^ , ",B)) < C\ \f\ |iP(K",B)j / G L P (R n ,B). 

Since j(Jif n , C) = J£" ™, Theorem A can be seen as a special (scalar) case of Theorem [5] 

In order to prove Theorem[2]we use that j(J#> n ,M) ~ j(J^ l ,j(J^ ™~ ; ,B)), for every I £ N, 

1 < I < n — 1 ([531 Corollary 3.5, (a)]). In some sense, this property characterizes the property 

(a) for the Banach space B (see [551 Corollary 3.5, (2a) and (2b)]). 

Remark 1. Equivalence of norms for LP (R™ , B) established in Theorem^ also holds when we 
consider the more general multivariate g-function operator involving fractional derivatives defined 
as follows. Suppose that rij £ N\ {0}, j = I,..., I £ N, such that Y],-—y n^ = n, and a = 
(«i, . . . , a>i) being oij > 0, j = 1, . . . , I. We define the Littlewood-Paley type operator by 

G§, aiB (m,x)= f \{tfd^P t H j {x\y^)f{y\... 1 y l )dy, 



i=i 



x ■ ■ ■ x 



tin 



where t = (t 1: ...,ti) £ (0,oo)' and x = (a; 1 , . . . ,x l ) £ W n 

We prefer to state Theorem\^in the present form because this simpler one is sufficient to obtain 
our results about vector valued Hermite Sobolev spaces (see Theorem^ bellow). Moreover, the 
proof of the corresponding equivalence of norms for the more general operator Gp a . B , a £ (0,oo)', 
can be made by using the same ideas used to show Theorem fJl with straightforward notational 
elements and manipulations. 

Suppose now that m is a bounded Borel measurable function from (0,oo) n into C. The 
Hermite multivariate multiplier T m associated with m is defined by 

T m f= J2 m(A fcl ,---,A fcn )c fc (/)/i fc , f£L 2 (W l ), 

fc=(fci,... 1 fc„)eN n 

where A; = 2Z + 1, for every I £ N. T m is a bounded operator from L 2 (M. n ) into itself. Thangavelu 
[501 Theorem 4.2.1] established Mikhlin-Hormander type conditions on m under that T m is 
bounded from L p (M. n ) into itself, for every 1 < p < oo. We define the operator T m (g> Ide on 
L 2 (R n ) <g> 1 in the usual way. Motivated by the results of Meda [33] and Wrobel ([57] and [55]) 
we establish the following Hermite multivariate multiplier result in a Banach valued setting. 
Previously we introduce some notations (see |33|). For every a — {pi\, . . . , a n ) £ N n , we consider 

n 

m a (t,X) = HitjXj^e-^MiX), 

3=1 

where t = (ti,...,t„) £ (0,oo)™, A = (Ai,...,A„) £ R™ and M(X) = m(Af , . . . , A£), A = 
(Ai,...,A n ) £ R". We define 



« n 

' a (t,u)= / ~\ X~ 1Uj ~ 1 m a (t,X)dX, 

./(0,oo)»£=l 
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with t = (ti, . . . ,t n ) £ (0,oo)™ and u = (u\, . . . ,U n ) £ W l . 

Let /3 = [fix, . . . , j3 n ) £ N™. We write L l/3 to refer us to the operator T mfj where m / g(Ai, . . . , A„) = 
U]=i Af , A = (Ai, . . . , A„) e (0, 00)", that is, 

00 n 

L lp f= J2 U^k/^(f)h k , /£i 2 (K"). 
fe 1 ,...,fe„=o j=i 

The operator L l/3 ig) Ids is defined in the usual way on L 2 (R n ) <g) B. By using [7J Theorem 1.2] 
we can see that L z/3 ® Idi can be extended to L P (R",B) as a bounded operator from L P (R™,B) 
into itself, for every 1 < p < 00, provided that B is a UMD Banach space. 

Theorem 3. Let B be a UMD Banach space with the property (a) and 1 < p < 00. Suppose 
that m is a bounded Borel measurable function on (0, 00)", such that for some 7 £ N n , 



(4) / Sup |^# 7 (i,u)|||L*2 ||LP(R",B)^LP(R".B)du < °°- 

JR" tS(0,oo)" 

Then, the multiplier operator T m is bounded from L p (K n ,B) into itself. 

We consider a class of UMD Banach spaces, called intermediate UMD spaces, that includes 
all known examples of UMD spaces. We say that B is an intermediate UMD space when B 
is isomorphic to a closed subquotient of a complex interpolation space [X, =S]e, where 8 £ 
(0, 1), X is a UMD Banach space and £} is a Hilbert space. This class of UMD spaces has 
been used recently by Berkson and Gillespie [3], Hytonen [53], Hytonen and Lacey [5S] and 
Taggart [151 Theorem 1.5]. It is, as far as we know, an open problem if every UMD space is an 
intermediate UMD space. This question was posed by Rubio de Francia [35] . We need to use 
intermediate UMD spaces in the following theorem to get a suitable estimate for the operator 
norm ||i J7 ||LP(R",B)^LP(R™,B), 7 € N™ and 1 < p < 00. 

For every ip £ (0, ir) we denote by T^ the C"-sector 

r^ = {(z 1 ,...,z„)eC n : IArgZj-1 < ip, j = 1, . . .,n}. 

In the following theorem we specify conditions in order that a function m satisfies the property 
gj) in Theorem H 

Theorem 4. Suppose that B is isomorphic to a closed subquotient of [X, J2]g, where 9 £ (0, 1), 
X is a UMD Banach space and £? is a Hilbert space and that B has the property (a). If m is 
a bounded holomorphic function in T^, for some ip > ?, then the multiplier operator T m can be 

extended to L p (M. n ,M) as a bounded operator from L P (M",B) into itself, provided that '■ 1 < 9. 

The arguments used in the proofs of Theorems [3J and U can also be employed to show vector 
valued versions of [331 Theorems 1 and 3] for the Hermite operator. In this case we must apply 
[271 Theorem 4.2] and it is sufficient to consider UMD Banach spaces (not necessarily with the 
property (a)). 

Remark 2. Note that, since the spectrum o~(H) of H is contained in [l,oo), Theorems [7] t o R] 
can be also established when the Hermite operator H is replaced by the operator H — u>, where 
uj < 1. In order to simplify the proofs we prefer to state the results for the Hermite operator, 
that is, in the case ui = 0. 

Bongioanni and Torrea ([TT] and [12) studied Sobolev spaces in the Hermite setting. In this 
paper we consider Hermite Sobolev spaces in the Banach valued context. 
The Hermite operator H admits the following factorization 



n 

5 = 5 E(^ +1 



2 



3 A ), 



. n. 



where Aj = ■£-, + Xj and A_j = —jjL + Xj , j = 1, . 

Let B be a Banach space, 1 < p < 00 and £ £ N \ {0}. The Hermite Sobolev IU|^(K",B) 
is constituted by all the functions / £ L P (R™,B) such that, for every ji £ Z, 1 < \ji\ < n, 
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1 < i < m < I, Aj x ■ ■ ■ Aj m f G L p (R n ,M) in a distributional sense. The norm || • \\ w p rgn^\ in 
W^(M",B) is defined by 

||/lk^( R »,B) = ||/IUnR",B)+ J2 \\ A h--- A J m f\\LP(M^n), /e^(t",l). 

JiSZ, l<|ji|<n 
i=l,...,m<£ 

We denote by W^ e (M. n ,M) the Hermite Sobolev space that consists of all those functions / <G 
LP (R n ,M) such that, for every ji G N, 1 < % < n, 1 < i < m < £, A- h ■ ■ ■ A_ jm f G LP(R",M) 
in a distributional sense. The norm || • \\^ P , R „ B -, in W^ ^(R n , B) is given by 

ll/llw^ f (R'\B) = ll/ll Lp(R",B) + 22 W A -n '■ ■A-j rn f\\ L P(WL",W), /SW^(K",B). 

jiGN. l<i»<n 
i=l,...,m<£ 

Let j3 > 0. The — /3-power ii ~^ of the Hermite operator is defined by 

H -"f=J2 ( 2 |fcl+^ fefc ' /e^(R B ,B) > l<p<oo. 

Since i7 _/3 is a positive operator, by [TT1 Theorem 1], the operator iJ~" is bounded and one to 
one from L p (R n , B) into itself, for every 1 < p < oo. 

The potential space L P H p (R n ,M) is constituted by all those / G i p (R n ,B) such that / = 
IT-fy, for some g G LP(K",B). The norm || • || l ^(r»,b) on L^(K",B) is given by 

I/IIl^ i/3 (R",B) = 1 1. 9 1 1 LP (R",B): 

for every / = H~^g, being .9 G £*>(K™,B). 

The following result is a vector valued version of [111 Theorem 4] and |121 Theorem 1], and 
Theorem U plays an important role in our proof. 

Theorem 5. Suppose that B is isomorphic to a closed subquotient of [X, J2]g where 9 G (0, 1), 
X is a UMD Banach space, and £? is a Hilbert space, and that B has the property (a). Then, 
for every t G N\ {0}, 

Wf^(R n ,B) = W^(R n ,B) = L p He (R n ,M), 

provided that 



?-i 



< 



As it was mentioned, Segovia and Wheeden ([40]) characterized classical Sobolev spaces by us- 
ing square functions associated to Poisson semigroup involving fractional derivatives. In |10| Her- 
mite Sobolev spaces are described by fractional Littlewood-Paley functions defined by Hermite- 
Poisson semigroup. We now extend the results in [TU] for the Hermite Sobolev spaces to a Banach 
valued setting. 

Let B be a Banach space and 1 < p < oo. Suppose that j3 > and k G N \ {0}. We consider 
the Littlewood-Paley operator Gp a fc . B defined by 

Gfp^m^) = t"d*P t H (f)(x,t), x G K" and t > 0, 

for every f e L p (]R n ,B). 

By F¥ k (R n ,M) we denote the space that consists of all those functions / G L p (R n ,M) such 
that Gf Afe;B (/) G LP(R n ,j(Jf n ,M)). Ff fe (R' l ,B) is endowed with the norm || ■ \\ f h (k „ jB) 
defined by 

II/IIf^CK",!) = II/IIlp(K",B) + \\Gp^^ k . B (f)\\LP{R" n (J>e>™ ,B)), / G ^/3,fc( R "' B )- 

Note that the space fa f fc (R Tl ,B) can be considered as a Triebel-Lizorkin type space in the Hermite 
setting. 

Theorem 6. Let B be a UMD Banach space and 1 < p < oo. Suppose that [3 > cmd fc G N is 
such that k> (3. Then, L p H/3 (R n ,M) = F^_ p . fe (K",B). 

In the following sections of this paper we present proofs for the Theorems. Throughout this 
paper by C and c we always represent positive constants but not necessarily the same in each 
occurrence. 

The authors would like to thank Professor J.L. Torrea (UAM, Madrid). He talked us about 
Meda's multiplier theorem several years ago. 
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2. Proof of Theorem [2] 



Let 1 < p < oo. For every a = (ai, . . . ,a n ) € (N \ {0})™ we consider the operator Gp a . B 
defined by 

(5) G t f iaiB (/)(t, a! )= / \tfd^P^{x j ,y j )f{y)dy, 

where t= (ii,...,*„) G (0, oo)™ and x = (xi, . . . ,x„) € R", for every / G LP(R n ,B). 

In order to show that Gf Q . B is a bounded operator from £P(R",B) into P^"^^™,!)) 
we proceed by induction on the dimension n. 

According to [6l Theorem 1] if a G N \ {0}, the operator 

G£ q;B (/)(*,*) = / t a d?P t H {x,y)f{y)dy, t G (0, oo) and xel, 

is bounded from U>{R,M) into iP(R, 7 (^ 1 ,B)) 

Suppose now that n£N\ {0} and that for every a G (N \ {0})™ the operator defined by (|5j) 
is bounded from #>(R n , B) into V(R n , j{J^ n , B)). Let now /3 = (/3 X , . . . , /3„ +1 ) G (N \ {0}) n+1 . 
We are going to see that the operator defined through 

„ n+l 

G^ ;M (m,x) = / ] tfd^P^(x j ,y j )f{y)dy, f G L*-(R" +1 ,B), 

where i = (ti, . . . , t n+1 ) € (0, oo) n+1 and x = (x x , . . . , x n+1 ) € R" +1 , is bounded from L'P(R n+1 , B) 
into iP(R™+ 1 ,7( I ^ 7n+1 ,B)). 

Assume firstly that / G Z,p(R) ® £P(R n ) <g> B, that is / = EiU 5i«A> where g, G X^(R), 
Vj G 27 (R n ) and 6 4 G B, i = 1, . . . , k G N\ {0}. As it is well-known the space W (R) ® W (R™ ) <g> B 
is dense in £P(R ,l+1 ,B). It is clear that 

k 

G^ ;M (f)(t,x) =Y,G^ 1 , c (g l )(t 1 ,x 1 )G^. c (v l )(i,x)b t , 

4=1 

where t = (ti,* 2 , • • • ,*n+i) e (0,oo) Tl+1 , i = (£ 2 , • • • , *n+i) G (0, oo)", x = (xi,x 2 , ■ ■ -,x n +i) G 
R"+\ x - (x 2 , . . . ,x„+i) G R", and = (fa, . . . ,/3„+i) G (N \ {0}) n . 

According to the induction hypothesis, ifi> G L P (R"), for almost every a; G R n , G^f* _(«)(•, x) G 

J^™. Moreover, if g G L P (R), for almost every x G R, Gps c (<7)(-,x) G J^ 1 . Hence, we can 
choose a subset Ai of R and a subset A 2 of R" such that |R \ A x \ = 0, |R" \ A 2 \ = 0, and, for 
every i = l,...,k and (xi, x) G Ax x A 2 , 

G P ; A . c ( 5i )(-,x 1 )G F r J . c (t; i )(- I x) G JT" +1 . 

We conclude that, for every x G A x x A 2 , Gp r /9;1 (/)(-, x) € Jzf(Jf ,l+1 ,B). Note that actually, 
for every x G A x x A 2 , Gp r ^. B (/)(-, x) G Jz?(jr™ +1 ,B fc ), where B fc = <{6»}f =1 > is the linear 
space generated by {&i},f =1 . Since 7(Jf l ,C) = 3>f? 1 , I G N \ {0}, we get, for every x G A\ x A 2 , 
G 'p,/3;B(/)(-' a; ) e 7(^" + \Bfc)- We consider the function 



F: R" +1 -4 7(Jf" +1 ,B) 

\-j p 

0, x G R™ +1 \ {A x x A 2 ). 



F(x) = { G ^ b(/)( '' ,t) ' l€il " A2 



According to |541 Lemma 2.5] F is strongly measurable if, and only if, for every h € J$? n+1 the 
function 

F h : R" +1 -4 B 

x „ ijrr^-ffio^^m^m^^' xeAxxA 2 
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is strongly measurable. Let h £ J$? n+1 . We have that 
G H P Mf){t,x)h{t) dtl ---f n+1 = 

(0,00)" + ! Cl'-'tn+l 

E / G^ c (g l )(t 1 ,x 1 )G^. c (v i )(i,i)h(t) d l 1 '''f n+ H l , 

~[ J(0,oo)"+1 <P<^ ti---t n+ i 

where x = (xi,x) e ii x ^- It is clear that the range of Fh is contained in Bfc. Hence, the 
range of Fh is separable subset of B. 

Assume now that SgB*. We can write 

where fi(y) = gi(yi)vi(y), y= (yi, . . . , y n +i) e W l+1 , y = (yi,...,y n +i) e R"- 

The function (S, F^(x))b*,b, x <G R n+1 , is Lebesgue measurable in R" +1 , because, for i = 
1, . . . , k, the function 

R n+1 _^ Jfn+1 

is strongly measurable (this property is implicitly included in |57l Theorem 2.4]). 

We conclude that the function F is strongly measurable. 

Since B has the property (a) we have that j(J^ n+1 ,M) ~ 7pf 1 ,7(^",B)) ((53 Corollary 
3.5]). By using the induction hypothesis and Theorem 1] and taking into account that 
7(Jf',B), I e N\ {0}, is UMD with the property (a) we obtain 

II ( ^P,/3;b(/)IUp(R"+ 1 ,7(^'" + 1 ,B)) 

\\Gp p-flU)v, x)\\ ,jp, n+1 M \dx 



t^d^P^ix^y^-^m^dy, 



d.v 



7( l # 1 ,7(^r" 



< C // ||G^ iB (/(xi ) y))(*,x)||^ BiH) dsdri 

< c||/IJlp(r™+ i ) 

Since L P (R) <g> L P (R") ®Bisa dense subspace of Z7(R n+1 ,B), the operator G^ . M can be 
extended to £P(R™ +1 ,B) as a bounded operator from LP(R™+\B) into LP(M rl+1 ,7pf n+1 ,B)). 
This extension operator is denoted by Gpo. B . 

We are going to show that, for every / <G L p (R n+1 ,B), 



G p,p-B\f)( x ) — Gp^.j® (/)(•, x), a.e. a; £ 



r>n+l 



Let / e LP(R n+1 ,M). We choose a sequence {/ m }^ =1 C S'(R)(8)5(R n )(g)B such that f m -> /, as 
m -► oo, in Z,*>(R" +1 ,B). Then, G|^. B (/ m ) ->• Gf i/3;B (/), as m ->• oo in L2>(R" +1 ,7(jr™ +1 ,B)), 
and there exists a subsequence {/ mfc }^ 1 of {/ m }^ =1 such that Gg /3:B (/ mfc )(-, a;) -> Gf ]/3;B (/)(x), 
as fc -> oo in 7 pr' l+1 ,B), for every x £ A c R" +1 being |R™ +1 \ k| = 0. Since 7(J#™ +1 ,B) is 
continuously contained in the space Jz? (J$? n+1 , B), we have that Gpo. B (/ m )(-, a;) — > Gf«.i(/)(i), 
as k -> oo, in i?pr" +1 , B), for every i£A 
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On the other hand, for every g G LP(R n+1 ,M) and h G L 2 ((5,oo) n+1 , d \\''f^ \ where 
5 > 0, we get 



/ G»^(g)(t,x)h(t) dtl ---f n + 

J(0,oo)" + 1 ti---t n+1 



dt\ ■ ■ ■ dt n+ i 

+ 



(6) 



\\G^ ;M (9)(t,x)\\l dtl ---f n+1 

'(<5,oo)"+ 1 tl'"t)i+l 

„ I n+1 „oo 

</ ll5(y)llB ] [ / t^d^P»{x hyj ) 
Ji»+i \j=i-' 5 



\h\ 



Jifn + l 



2 dU 



dy\\h\ 



Let I € N, I > 1. The subordination formula allows us to write, 



#i? («,*) = # 



(7) 



e *« 



W,f («,*)<*« 



/7T 



47T Jo U* 

d i+i I ^_Z_ \ W"{v, z)du, z, v G M and s G (0, oo). 



e -i 
According to Faa di Bruno's formula ([501 (4-6)]) we have that, 

l + l-2k 



Qi+U.-h-A- 



2 l+l u ^ » 



(8) 



2'- 



'('+!) 



i?B- 1)W ^fe 



e 4 « , s, u G (0, oo), 



where £ I+1 , fc == ' m+1 ±? k ]{' , < fc < <±I. 
>From dHI we deduce that 



ai+Me-* 



< C i±1 , s,u G (0,oo). 

U 2 



The equality ©, since W,f (w,z) < ^g 

\d' s P s H (v,z)\< I 
Hence we get 



1+3 
U 2 



V G R and it G (0, oo) gl (2.9)], leads to 

1 



(s + \v — z\ 



\i+i ' 



i>, z G R and s G (0,oo). 



ds 



| S '^Pf(«,z)f-<C. 

,5 s JS \ s + l u — zl ' 



„2/-l 



c/.s 



<C 



rf.s 



c 



>From (JS]) it follows that, for every h G L 2 ( (5, oo, 

d<i ■ ■ • dt n +i 



s (s + \v-z\)3 Q V - Z \ + S)2> U ' ZG 



1 +1 dti — dt n+1 



Gp,p-B(9)(t,x)h(t)- 

(0,00)" + ! tl'-'tn+l 



(9) 



n+l 
hi llfl(»)l|BlI 



;dy\\h\\ 



jfn+i 



< C|MIlp(R™ + 1 ,B)II^II.^+ 1 - 

Let /i G ^f 7 ™" 1 " 1 such that supp h c (<5, oo) n+1 , for a certain (5 > 0. From JS} we deduce that 



(0,00)"+! r l ' ' ' r n+l 



(0,oo; 



»+l ci • • • t n +i 
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in B, for every x £ R n+1 , and, for every S £ B*, 



S, / G^. M (fm k )(t,x)h(t) 



dt\ ■ ■ ■ dt n +i 



(0,oo)"+! tl" -, tn+ 



(S,Gp i 3 :B (/ m J(f,l))B',l/l(t)- " 

(0,00)"+! tl*"tn+l 

(0,00)"+! tl'-'Eri+l 

= /*/ Gg, g; ,(/)ft, 3; )^) <ftl -f" +1 \ 

\ A0,oo)" + 1 tl"-*n+l / B%B 

as fc — > oo, for every x £ M. n+1 . 

Also, for every S £ B*, and x £ A, we have that 

(<5> G P,/3;B(/m fc )(-,£)H)B*,B = / (S, Gp >/3;B (/m fc ) (*, x))r* ,bM*) 



(0,oo)' l + 1 Il-'-tn+l 

(S , ,G^ y8 . B (/)(x)[/i]) B »,B, 



as fc — > oo. Hence, for every S £ 



(S,G P r t() . M (f)(x)lh])n*,n = I (S, Gf igi ,(/)(t, x)) B », B fe(t) ^ ' ' ' f " +1 , * G A, 



(0,00)" + ! il'-'in+l 



and 

"ti • • • rfi n +i 



(5 ) G^^. B (/)(t ) x)) B . > B/i(*)- 



(0,00)" + ! tl --- tn+l 



<C||S||».||G|; / 9 iB (/)(x)|| J8f(J e.» +Ij B ) ||ft|| je .»H 



We conclude that, for every S £ B* and x £ A, (S, Gg /3 . B (/)(-,x)) £ ^™ +1 and 

/ (S,G^ ;B (/)(t, a :))B.,Bfe(*) d * 1 '"f" +1 - (S,G£ P;B (f)(x)[h]), h£j? 



Then, 

Gp,0&(f)v' x ) = Gp,p-ja(f)( x )> x £ A, 

as elements of _£f(jT ,l+1 ,B) 

Thus, the induction is completed and we prove that the operator Gpa.^ is bounded from 
L'P{R n+1 ,M) into L p (R n+1 ,-f(Jf n+1 ,M)), for every /3 £ (N\ {0})" +1 and n £ N. 

Our next objective is to see that there exists G > such that 

||/||z>(R™+ 1 ,B) < G||Gp ]Q ,. B || L p( Rre +i^ 7 (^n + i jB )), / £ L P (R" ,B). 

By using standard spectral arguments we can show that (see [HI Proposition 2.1]), for every 
/ £ LP{R n+1 ) (g> B and 5 £ #>' QR" +1 ) ® B*, where p' is the conjugated of p, that is p' = ^-, 

/ (Gp !Q;B * (ff)(*. i),Gp i(/)(t, x)) b »,b— -^-dx 

•+ 1 J(0,oo)"+ 1 tl'-'tn+l 

( 10 ) "+1 p/ 2 s , 

I -W 2 / (flW»/W)B»,B^ 

■ =1 Z 3 JR"+1 
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Let / £ LP(R n+1 ) ® B. By [2IJ Lemma 2.3] and [M Proposition 2.2], we have that 



£p(R"+ 1 ,B) 



sup 

gel/ (R" + 1 )<g>B* 

llsllip'tMn+l,!.)^ 1 



(g( x )J(y))m*,Mdy 



sup 

3 <EL p '(R" +1 )(g>B* 
HslliP'Osn+i.B*)- 1 



™+ ] 2 2c 



n 



(0,00)' 



(Gp. Q .B.(ff)(i,a;),Gf B (/)(i,a;))B«.ffi— -^dx 



< 



gGL 

llsll, 



sup 



L r(2ay) 

G P,a;B*(ff)(': a; )ll7(^" + 1 ,B*)ll G 'p,c e ;B(/)(-^)ll7(^" + 1 ,B)^- 



ii ■ • ■ in+l 



,<1 



llp'(R"+l,B*)- 

Since B* is UMD and it has the property (a), C?f B * is bounded from Z/(R n+1 ,B*) into 
F'(R" +1 ,7(if" +1 ,l*)), and by using Holder's inequality we get 

II/IIlp(R" + \B) < C||G'p iQ . b (/)||lp(r« + 1 ]7 ( i ^™+1 i b)) 

Since L p (W l+1 ) £g) B is a dense subspace of L P (R™ +1 ,B) and Gp Q . B is a bounded operator from 
jy(R n + 1 ,B) into LP(M"+ 1 ,7(Jf"+ 1 ,B)) we conclude that 

||/||lp(R" + i,B) < C||Gp !Q;B (/)||lp(R" + i, 7 (J^" + i,B)), / € L P (R" +1 ,B). 

3. Proof of Theorem [3] 

Since m <E L°°(R n ) the multiplier operator T m defined by 
00 
T m (/)= ^ ni(A fel ,...,A fe Jc fel ,..., fe „(/)/i fcl ,..., fe „, /£L 2 (M"j, 

fci,...,fe„=0 

is bounded from L 2 (R") into itself. Here, for every k\, . . . , k n £ N, 

n 

hk lt ...,k n ( x ) = 11^(^)1 x = (-Ti,...,a;„) e R", 
and, for every / £ L 2 (R n ), 



Ck u ...,k„(f) = / h k l ....,k n {x)f(x)dx. 

JR" 

Inspired by [33], [57] and [S3] we consider, for every a = (ai, . . . , a n ) £ N™, 

n 

m a (t,X) = HitjXj^e-^MiX), 
3=1 

where t = (*i,...,t„) € (0, 00)", A = (Ai,...,A„) £ R' 1 and M(A) = m(A 2 , . . . , A 2 ), A 
(Ai,...,A n ) € R", and 



p n 

a (t,u) = / TA'" J m a {t,X)dX, 



with i = (ii, . . . ,£„) e (0, oo) n and u = (ui, . . . ,u n ) £ R™. 

It is clear that T m = M(y/H, . . . , \/~H). By proceeding as in the proof of |57l Lemma 3.2] we 
can show that, for every a — (ai, . . . , a„) € N n and / € L 2 (R"), 

(11) G% a+hM (T m f)(t,x) = -^ J ^ a (t,u) J f[t J d tj PP ] (x J ,y J )L^f(y)dydu, 

with i = (ixj • • • , i») £ (0, oo) n and a; = (xi, . . . ,x n ) £ R™ and where a + 1 = (qi + 1, . . . , a„ + l) 
and 



00 n 



L "'f= E n^/^i,-^!/)^,..^, / £L 2 (R n ) and v = (t>i,... ,<). 

fci....,fc„=0 j=l 

The imaginary power H n , 7 € R, of the Hermite operator H is bounded from i p (R) into itself 
([7J and [IB]). Then, the operator L iv is bounded from L p (R n ) into i^(R n ) for every v £M. n . 
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Suppose that / € L P (R") n L 2 (W l ). Then, T m f E L 2 (W l ). According to UTJ, Minkowski's 
inequality leads to 

\\Gp, a +i-B(T m f)(',x)\\je»<C f sup \^ a (t,u)\\\G^ v (L^f)(;x)\U n du 

JR™ tG(O.oo)' 1 

Hence, since G$ 1M is bounded from LP(R n ) into D> (R n , Jt? n ) 



\\ G P,a + l;B( T mf)(-,x)\\ L p {Rn ^ n) < C / SUp \.Jt a (t, u) \ \\ V = || Lp(R")^Lp(R")gM! /Il Lp(R") 

jr™ te(o,oo) n 
By using the polarization formula pU|) in the scalar case we get, for every g E LP (R n ) n L 2 (R n ), 



T m (f)(x)g(x)dx < C||G^ Q+1;B (T m /)|| LP(R „ i ^, 1) |jGg Q+1 . B (5)|| LP ' ( 

^ C||G f p,a+l;B( r m/)|Up(R",^?")||ff|| i p'(Hr.) 

Then, T m (/) e L P (R") and 

||7 1 m(/)||iP(R«) < C||Gp Q+1 . B (T m /)|| LP(R , lii ^n) 



< C I SUp |^a(i,w)|||i l2 ||L"(R")^LP(R' l ) rfu ll/IUp(R")- 

Jm n te(o,oo)" 

Hence, T m can be extended from LP(R n )nL 2 (R n ) to LP(W l ) as a bounded operator from LP(« n ) 
into itself. 

Let now / E S(R n ) B. Then, by defining T m on D>(R n ) <g> B in the natural way, we have 
that T m (/) e^(l")®B and (JTTJ) holds for /. 

According to (gj) J? a (-,u) E L°°((0, oo) n ), for every u £ O C R" such that |R" \ fi| = 0. 
Hence, for every u e 11, *# a (-,u) defines a pointwise multiplier in j£°™. By using the ideal 
property of j(J^f n ,M) ([53l Theorem 6.2]) we deduce that, for every u E Q 

<G sup |^(-,u)|||Gf il . B (i i 2/)(-,a;)|| T( ^ r „ ]B) . 
te(o,oo)™ 

Since B is a UMD Banach space the imaginary power if* 7 , 7 g R, is bounded from L P (R, B) 
into itself (0). Then, the operator L iv is bounded from Z7(R",B) into itself, for every v E R". 
According to Theorem [5] we get, for every «£il, 

||^ Q (-,M)Gp jl;B (L I 2'/)|| L p (R „ i7 (jg>» iB )) 

< G sup |^a(-,w)|||Gfi. B (L < '/)||ip( R » i7(J r^)) 

te(o,oo) n 

< G SUp |^a(-,u)|||i? f /||2>(R»,B) 

te(o,oo) n 

< G SUp |^#a(-,'")|||-^^|Ui'(R",B)^i»>(R»,B)||/|Uj'(R»,B)- 

te(o,oo) n 
By using again Theorem [5] we obtain 

ll^m/||LP(R™, 7 (]R™,B)) < C||Cp ia+1;B (T m /)|| iP ( R »ij B ) 

<C ||.^a(-,M)Gp r 1;B (L^/)|j L p (R ^ 7(jjr „ !B)) du 



<C/ SUp |./C(-,u)|||i?2 ||LP(K",B)-vLP(K",B)du||/llLP(IR",B)- 

7r" te(o,oo)" 

We conclude that T m can be extended from S(M. n ) <g>B to L p (R n ,B) as a bounded operator from 
LP (R n ,M) into itself. 

4. Proof of Theorem fj] 

According to |48t Theorem 2.5.1] if A is a UMD Banach space, a E R and 1 < q < 00, the 
imaginary power H ta of the Hermite operator is bounded from L q (R, X) into itself and, for every 
a E (f, Ti"] j there exists G = G qjCr > such that 

11 Tj' la \\ <r r 1 o a \ a \ 

II-" \\Li(R,X)^Li(R,X) S L-q,o-e 
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Moreover, if ffl is a Hilbert space then, for every a £ R, H la is bounded from L 2 (M.,J4?) into 



itself and \\H V 



\L 2 (R,.^)^L 2 (R,Jif) 



< 1. 



Assume now that B is isomorphic to a closed subquotient of a complex interpolation space 
[JP,X]$, where < 9 < 1, Jtf? is a Hilbert space and X is a UMD Banach space. Although the 
Hermite semigroup is not a diffusion semigroup we can proceed as in the proof of |48l Corollary 



2.5.3] to obtain that if 



-1 



< 9 and < Q < f (1 - 6), there exists u < f - Q, such that 



\H l 



\Li( 



>Li< 



<Ce" H , a£ 



where C does not depend on a. 

Hence, if u = («i, . . . , u n ) £ R™ we conclude that 



(12) 



\L l 



\Li( 



<Ce w ^=i |ui| , 



where C does not depend on u. 

By proceeding as in the proof of |33l Theorem 3] and working coordinate to coordinate we 
can obtain that 



sup \^(t,u)\ < C]T(1+ |wj|)|r(7j -iuj)\, u={m, 
te(o,oo)» J=1 



,u n ) £ 



Then, if 



- 1 



< 9 from flTSJ) it follows that 



sup |^# 7 (i,u)|||L l 2|| L p ( 
te(o,oo) n 



B)->L? 



r. n 

du<C ~[{1 + lu^e-^-^^^^du < oo. 



By using Theorem [3] we deduce that the multiplier operator T m is bounded from L p (M. n ,M) into 
itself provided that - — 1 < 6. 



5. Proof of Theorem [5] 

Suppose that B is isomorphic to a closed subquotient of [X, J2]g where 9 £ (0, 1), X is a UMD 
Banach space, and =2 is a Hilbert space, and that B has the property (a). We are going to show 



i> 



- 1 



< 



that Wj^,(R n ,B) = W^(R n ,B) = L^(R™,B), £ e N\ {0} and 1< p < oo, being 
Let 1 < p < oo and !eN. By proceeding as in the proof of [111 Proposition 1 

that the linear space % H B is dense in W|^(R",B), H^ £ (R n ,B) and L^(R",: 

5// we denote the linear space span{/ife}fc e psj™ generated by {/ifcjfceN™- 

Firstly we prove that W]^ e (M. n ,M) = L V H <) (R n ,B). We consider the one dimensional situation 

and the first order Hermite-Riesz transform R defined by 



we can see 
). Here by 



Rf = A_ x H~>f, f£d H - 

This operator can be extended to L 2 (R) as a bounded operator from L 2 (R) into itself. By 
denoting this extension again R we have that 



- ^ v /2(fcTT) 

R f = 1^ / n ,_ , 1 c k (f)h k+] 



k=0 



V2fc + 1 



/ei 2 



By defining i? on L 2 (R) (g) B in a usual way, according to [2 Theorem 2.3], since B is a UMD 
Banach space, R can be extended from (L 2 (R) n L P (R)) (g> B to L P (R, B) as a bounded operator 
fromLP(R,B) into itself. 

We define the multiplier operator T m by 



T m f = J^ m{X k )c k (f)h k , f £ L 2 (R), 



fe=0 



where m(z) = .1 — fj;, z £ Til . It is clear that m is a bounded holomorphic function in T z. . Then, 

according to Theorem 0] T m can be extended to L P (R,B) as a bounded operator from L P (R,B) 
into itself. 
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We denote by 5+ the forward shift operator defined by 

oo 

S + (f) = Y / Ck(f)h k+1 , fEL 2 (R). 

k=0 

Since S+ = RT m , S+ can be extended to L P (R,B) as a bounded operator from L P (IR,B) m to 
itself. 

By S- we denote the backward shift operator defined by 



S-(f) = J2ck(f)hk-i, feL 2 



fc=i 



According to |2U Lemma 2.3], since B* is a UMD Banach space with the property (a), we get 



= sup 




SSSff«>B* 




" S "iP'(K™,l* 


^ 


= sup 




ge$H®^* 




H^lliP'(R»,B* 


^ 


sup 




gedn®®* 




>>9>>i,p'(w n ,n* 


^ 



(S+(g)(x), f(x))M* ,v,dx 

, 5'+(.9)IIlp'(r,b*)II/IU j '(k,b) 



<c\\.f\\ LP{Rt M), /efe®». 

Hence, the operator S- can be extended to L P (R, B) as a bounded operator from L P (R, B) into 
itself. 

We now come back to the n-dimensional situation. Let m = (mi, . . . , m„) £ N™ and 7 £ N, 
1 < j < n. We consider the shift operator S m j defined by 



^m.j J 



^ Ck(j)h kl - mi (xi) ■ ■ ■ hkj-mjiz^hkj+t+mj+tiZj+l) ■ ■ ■ hk n +m n (x n ), 



fe=(fci,...,fe 7l )GN" 
ki>mi, 1=1,..., j 



where / £ L 2 (R n ). By taking into account the L p -boundedness properties for the one dimen- 
sional shifts we can deduce that the operator S m j can be extended to L P (R",B) as a bounded 
operator from £*>(«", B) into itself. 

We define the Hermite Riesz transform R m ,j as follows 

Rmjf = A^--- A^A m ^ +l) ■ ■ ■ A^IT^f, f e $ H . 
According to |12l (8)] we have that, for every k = (fei, . . . , k n ) £ N n , kg > mg, £ = 1, . . . , j, 



AT ■ ■ ■ 4T^-(£i) ' ' ' A^ n H~^h k {x) 



(2|A;|+n)¥ 
Then, for every / £ 3jj, by taking into account that the sum is finite, we can write 



-ftm,j J 



E c ^y 



fc=(fei,...,fc n )eK n 



(2|fc|+n) J 



x/i 



fci — mi,...,kj — rrij-j/Cj+i+mj.).!,"- ,/c^+r 



We consider the multiplier operator T m defined by 

niiOinv 1 v/2(fc,+m,- S ))nL, + i(n:=i y/m+*)) 



fe=(fei,...,fc„)eN n 



(2|fc|+2^ =1 m, + n) J 



X/lfe, f£$H- 
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Here 

, ntidir^ 1 v*i + 2(m, - S ) i) m% + i(nrji vg + g - g 

m(zi,...,z„) = , s , 

(zi H h z n + 2 X^=i m -e) 2 

where (zi,...,z n ) € Til. Suppose that j ^ 0. Then, the function m satisfies the hypothesis 
in Theorem @] that assures that the operator T m can be extended to L p (R n ,B) as a bounded 
operator from L P (R",B) into itself. We can write 

Rm,jf = Spn-jj o T m o Spjjf, f £ $h, 

where (3° = (mi, . . . , TOj, 0, . . . , 0) and f3 n ~ J — (0, . . . , 0, rrij+i, ■ ■ ■ , m n ).. Hence, R m ,j can be 
extended to L P (R",B) as a bounded operator from L p (R",B) into itself. 
Assume now that j = 0. We consider the function 



x ie, 1 iew*+ 2 '-3 , 

m(zi,...,z„) = j^j— , (zi,...,z n ) € Fi, 



and the multivariate (H — ^-multiplier operator 



(/) ~ ^ fe(/) f2lA:l+n^ 

i 
According to Theorem [4] (see Remark [2]) the operator Tm can be extended to L P (R", B) as a 

bounded operator from i p (R",B) into itself. Since 

i 

R-mfif = S m ,0 °Tm(f), f & $H, 

R m fi can be extended to L p (R",B) as a bounded operator from L p (R n ,B) into itself. 
The above arguments allow us to establish the following property. 

Prop. 1. Suppose that B is isomorphic to a closed subquotient of [X, J2]q, where 8 € (0, 1), X is 
a UMD Banach space and £} is a Hilbert space and that B has the property (a) and 1 < p < oo 



being 



2-1 

p 



< 9. If m = (mi,...,m„) G N n and j = (ji,...,j n ) <G IT 1 , being \j t \ 



i = 1, . . . , n, the Hermite Riesz transform R? m defined by 

n 

RU = l[A?;H- lI S i f, f<=$ H , 



where \m\ = yi_j rnj, can be extended to L p (R n ,B) as a bounded operator from L p (R™,B) into 
itself. 

By taking into account |21l Lemma 2.3] we now can prove, by proceeding as in the proof of 
[H Theorem 4], that W^K",!) = L p He (W\M). 

In order to see that Wjj £ (R", B) = L P H t (R™, B) we can use the ideas presented in the proof of 
[T2l Theorem 1]. To show that L P H e (R n , B) ^ W^ e (R n , B) it is sufficient to replace the operator 
Aj by A_j, l<j<n, in Q2J p. 157]. 

If j € Z, 1 < \j\ < n, we consider the Hermite Riesz transform R £ , by 

R e 1 f = A e l H-if l f€$ H , 
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and we define the operator ti = $3? = iiR-R_,-- According to Proposition Q] the operator Tg is 
bounded from L p (M n ,'R) into itself. By using [TOJ Lemma 4 and (8)] we obtain 



n 



f=Y:^H'iAi jH -i f 



3=1 



(H + 2)-?J2A e j A i _ j H-if 



0=1 



nl=i(lj+m) 



H^Zmo- (2|J| + n + 2)*(2|J| + n)i 

E/„,£ 2^ = 1 llm=l('j + m ) \ ,,.., , ,_ -. 

m, ,^m^mm^r )hu '^ 

We consider the function 

m(zi,...,Zn) = — - — — e — — 7- , z = [z 1 ,...,z n ) er f . 

Li=ilIm=i(-#+ m -a) 
According to Theorem 01 the multiplier T m associated with m is bounded from L p (M. n ,M) into 
itself. 

Hence, we obtain 

n 
\\g\\LP(R<\B) < ||r m r^||iJ>(Rn )B ) < Cy ||^4lj-ff'~ 3 S'||l,P(Kn,B) ) 3 s 3ff. 

3=1 

Then, 

ll/IU^(K",B) < C||/llwg £ (K",B)j / G £ff- 

We conclude that W^ t (R n ,M) is continuously contained in L p He (R n ,M). 
Thus, the proof of this theorem is finished. 

6. Proof of Theorem [5] 

In order to show this result we can use the ideas developed in [TO]. We consider the space 
3h = span {/ifc}/cgN™ generated by {hk}k<£N n - Also we define, for every j3 > and k g N such 
that k > /3, the operators 

G^. B (/)(t, a;) = tPdgP t H (f)(x), t € (0, oo) and z e K", 

and 

G^ M m(f)(t,x) = t k ^d^P t H (f)(x), t € (0,oo) and x e M", 

for every / <E $h ® B. 

Let l<p<oo,/3>0 and fc <G N such that k > (3. According to [TO1 Lemma 2.2] we have 
that 

Then, from [SJ Theorem 1] it follows that 

(13) ^H/IIl" „(K»,B) < l|G'p^ !fc . B (/)||LP(R™, 7 (J#'i,B)) < C||/|| l p (H»,B)) /e^fl-®!. 

The space $ H ® B is dense in L* 8 (R",B). Indeed, let / € £*>(»",!). Since the operator 

M, 2 

H-2 is bounded from Z,P(R",B) into itself and $ H B is dense in LP(R'\B), there exists a 
sequence {fffc}^ Cfe^B such that .% ->• H~2 /, as fc -4 oo, in £ P (K",B). We define, for 



every fee N\{0}, 

A fc = y ci(g k )hi(2l + 



nhf 



ItN" 



Note that A fc e 3ff and i7 ¥ (A fc ) = g fe , fc e N \ {0}. We have that A fc ->• /, as k ->• oo, in 
L^(K»,B). 
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Then, (fT3"|) implies that the operator Gp a k . B can be extended to If p (R n ,B) as a bounded 
operator Gf fe . B from L p £ (R n ,B) into L p (R",7(Jf \B)). 

ii, 2 

By proceeding as in the proof of Theorem [3] we can see that, for every / G L p p (R n ,B), 
G¥,p lk . fl (f)(x) = G? t/9tfc;B (/)(.,x), a.e. * G R». Then, 

(14) T^II/IIl 5 ' „(K»,B) < l|Gp !/ 3 ife . B (/)||LP(R",7(.^i,B)) < C||/IU P „(R",B), 

for every f e £^ £ (R n ,B). 

Suppose now that / G L*>(R n ,B) and G^ f3k . M {f) G L J, (M Tl ,7(Jf 1 ,B)). We are going to see 
that / el' ' (R",B). Let 6 > 0. We define' 

H , 2 

F s = ^(2|fc|+n)le- 5 ( 2 l fc l + ")'cf(/K. 

fcGN" 

By [H (2.2)], P 5 G LP(R",B). Since Jf-$F* = Pf (/) € LP(R», JT), Pf (/) € 17 ,(R",B) 

-H, 2 

and ||P5 ff (/)|| L p (R",b) = I|P5||lp(R",b)- Hence, dHJ) implies that 

||P(5|Up(R™,B) < CII^F^.fcjBC-^ (/))IIlp(R™, 7 (^i,B))- 

Also, we can write 

G?, $ , k; n(Ps H (/))(*) = t k ^d k P t H (P s H (f))(x) = t k -Pd*P s H (P t H (f))(x) 
= P s H (t k - d?P t H (f))(x), x e R" and * G (0,oo), 
and, then 

l|G^, M (Pf (/))(x)|| 7 (je-i,B) < Pf (||t fc "^ t fc Pf (/)|j 7( ^ ljB) ) (s), a.e. * G R". 
Since P/^ is contractive in L p (M. n ) we obtain 

\\Gp,P,k&(Ps (/))IUp(R",7(^ 1 ,B)) - l|G'p,^,fc;B(/)l!LP(R",7(^ 1 ,B))- 

Hence, the set {F s }s>o is bounded in Z7(R n ,B). 

Since B is a UMD Banach space, the dual of L v (R n ,M) is Z/(R n ,B*), where pf = -^. 
By Banach- Alaoglu's Theorem there exists a decreasing sequence {5fc}fegN\{o} C (0,co) and 
P G L p (W\ B) such that 4 -> 0, as fe -> oo, 

(g(x),P5 fc (a;))B«,Brfa; -> / (j/fij^fiJlr^di, as fc ->• oo, 

JS." 

for every g € L p '(R n 7 M*), and ||P||lp(r>\b) < ^I|Gp,^b(/)IU p (R",7(.#\B))- By taking into 
account that H~? is a bounded operator from L p (R n ,B) into itself, we get, for every g G 
l/(R n ,B*), 

(g(x),Pf k {f)(x))m*,Bdx ^ / (.9(ir),P~^(P)(2;))B*,Bcfe, as fc -> oo. 



Since P^(/) ->• /, as ft -> oo, in LP(R",B), we conclude that / = ff~f (P). Hence, / G 

i/ 3 (R" , B) and 

H, 2 

II/IIl p g (R»,B) < C 'll G! p, / 9,fe;B(/)IU» > (R",7(^° 1 ,B))- 

Thus, the proof of this theorem is finished. 

Remark 3. Classical Sobolev and potential spaces in a Banach valued setting have been studied, 
for instance, in |14| . |36| and |39| . If B is a UMD Banach space the classical Sobolev space 
W/(R",B) coincides with the classical potential space L^(R",B), for every 1 < p < oo and 
£ G N. In this case it is not necessary to consider UMD spaces with the property (a) as in 
our Hermite setting. As it is written in |42l Theorem 3, p. 135] the proof of the equality 
Wf (R n ,B) = L£(R",B), 1 < p < oo and £ G N, when B = C (in the scalar case) also works 
when B is a UMD Banach space. Indeed, it is sufficient to use Fourier multipliers in UMD 
Banach spaces f |32| and |56| J and to take into account that some properties for the classical 
Riesz transforms hold true in UMD Banach valued settings. As Bongioanni and Torrea |11| 
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show in the Hermite case in order to show the equality W?(M. n ,C) = L?(R n ,C) (even in the 
scalar case), multivariate Hermite multipliers are required. This fact leads us to consider UMD 
Banach spaces with the property (a) in our Hermite case. 
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